We studied the nonlinear electric response in WTe2 and MoTe2 monolayers. When the inversion symmetry is breaking but the the time-reversal symmetry is preserved, a second-order Hall effect called the nonlinear anomalous Hall effect (NLAHE) emerges owing to the nonzero Berry curvature on the nonequilibrium Fermi surface. We reveal a strong NLAHE with a Hall-voltage that is quadratic with respect to the longitudinal current. The optimal current direction is normal to the mirror plane in these two-dimensional (2D) materials. The NLAHE can be sensitively tuned by an out-of-plane electric field, which induces a transition from a topological insulator to a normal insulator. Crossing the critical transition point, the magnitude of the NLAHE increases, and its sign is reversed. Our work paves the way to discover exotic nonlinear phenomena in inversion-symmetry-breaking 2D materials.
I. INTRODUCTION
The past decade has seen intensive inverstigation of band-structure topology and the discovery of novel topological states and topological materials, such as topological insulators (TIs) 1-4 and topological Dirac and Weyl semimetals [5] [6] [7] [8] [9] [10] [11] . The band-structure topology and electronic response functions are commonly characterised by the Berry curvature 12 in the momentum(k) space. A well-established example is the anomalous Hall effect 13 as an intrinsic property originating in the band structure, in which the Berry curvature integrated over the occupied states at the thermodynamic equilibrium gives rise to the Hall conductivity. The anomalous Hall effect and its quantised version have recently been observed in time-reversal symmetry (TRS) breaking topological materials, for example, magnetically doped TIs [14] [15] [16] and magnetic Weyl semimetals [17] [18] [19] [20] . In recent years there has been increasing interest in the nonlinear optical and electrical properties of topological materials, considering the Berry phase effect [21] [22] [23] [24] [25] .
In the linear response regime, the anomalous Hall effect vanishes in the presence of TRS, because TRS forces the Berry curvature to be odd with respect to k, i.e. Ω n (k) = −Ω n (−k) where n is the band index. In the nonlinear response regime, however, an intriguing nonlinear anomalous Hall effect (NLAHE) can still survive in the presence of TRS but the absence of the inversion symmetry 26 . When an electric field E drives a current through a crystal in the steady state, the system is out of equilibrium and the Fermi surface exhibits an effective shift in k-space. Therefore, the Fermi occupations at k and −k are no longer necessarily the same any more. This leads to a net Berry curvature summed on the nonequilibrium Fermi surface, i.e, an anomalous Hall conductivity that is proportional to E and the relaxation time τ . Thus, the Hall voltage is estimated to be quadratic, rather than linear, to the longitudinal electric field E. The NLAHE was derived at the zero-frequency limit of the nonlinear photocurrent generation 26, 27 . Although it is a nonequilibrium property, the NLAHE can be described by a geometric quantity at the equilibrium Fermi surface, the Berry curvature dipole (BCD) 26 . Very recently the BCD induced NLAHE was calculated for the three-dimensional (3D) Weyl semimetals based on ab initio band structures 28 and also for tellurium 29 . The transition-metal dichalcogenides WTe 2 and MoTe 2 are WSMs in the 3D bulk 30, 31 and become two-dimensional (2D) TIs in the monolayer (ML) form [32] [33] [34] [35] . Nonlinear optical phenomena, for example, a nonlinear photocurrent, were recently reported in their bulk systems 36, 37 . In this work, we investigate the NLAHE in MLs of WTe 2 and MoTe 2 , because the use of MLs makes it easier to tune the band structure by an external electric field, for instance, by applying a back gate 35 . The out-of-plane electric field is found to sensitively tune the band structure and consequently control the BCD, which is an intrinsic property determined by the band structure and wave functions. Near the electric-field-induced topological transition from a TI to a normal insulator, the BCD and NLAHE are found to be strongly enhanced.
II. METHODS
The WSM state of WTe 2 or MoTe 2 refers to the T d phase of the crystal structure (space group P mn2 1 , No. 31), in which inversion symmetry is broken. However, the corresponding ML recovers the inversion symmetry by a slight distortion, commonly called the 1T phase (space group P 2 1 /m, No. 11). This inversion symmetry can be broken by applying an out-of-plane electric field (E) or even by the existence of a substrate. We focus on the 1T -MLs of the two compounds under different Crystal structure and the nonlinear anomalous Hall effect in the WTe2 monolayer. W and Te atoms are represented by gray and yellow spheres. When applying an electric field along the y axis, i.e.
the W chain direction that crosses the mirror plane, a Hall-like voltage Vx appears and is quadratic to the electric field Ey. Such a nonlinear anomalous Hall effect exists without breaking the time-reversal symmetry.
electric fields for two compounds. In addition, we also investigate the T d -MLs for comparison, considering the fact that the phase transition may occur under special conditions (e.g. Refs 38 and 39). Both T d -and 1T -MLs share a mirror plane M y : y → −y. A zigzag-shape Mo or W atomic chain forms and crosses the mirror plane. The M y symmetry is crucial to determining the symmetry of the NLAHE as we will discuss.
We first perform ab initio density-functional theory (DFT) calculations and then project the DFT band structure to atomic-like Wannier functions with FPLO 40 . Starting with the one-particle Hamiltonian (Ĥ) in the basis of Wannier functions, we compute the distribution of the Berry curvature Ω n (k) in the momentum space (k). In a 2D system, Ω n (k) only has a z component 12 ,
where n and |n are eigenvalues and eigen wave functions, respectively, ofĤ at the momentum k and v x,y = dĤ dkx,y the velocity perator. The nonlinear responses includes the dc current j (0) a = χ abc E b E * c and the second harmonic generation j (2ω) a = χ abc E b E c , under the oscillating electric field E c (t) = Re{E c e iωt } of light, where a, b, c = x, y, z. At the zero-ω limit, the dc current still preserves j a = 2j
2 , leading to the so-called NLAHE 26 . Although the NLAHE is related to the net Berry curvature due to a nonequilibrium Fermi distribution, the nonlinear conductivity χ abb can be describe by the BCD, a quantity defined in the equilibrium state in the semiclassical approximation 26 as follows,
where D bd is the BCD, f 0 n (k) the equilibrium Fermi-Dirac distribution, τ the relaxation time, ε adb the third rank Levi-Civita symbol, a, b = x, y and d = z in 2D. We compute Ω d by Eq. 1 and then calculate the D bd by integrating
to obtain converged values of the BCD. The BCD is dimensionless in three dimensions, whereas it is in unit of length in 2D.
Because Ω n z is odd with respect to the M y reflection,
∂kx is odd to M y while only
∂ky is even. Therefore, only D yz and χ xyy are nonzero. Thus, the nonlinear Hall voltage V x appears inside the mirror plane when an electric field E y passes along the W or Mo chains, and V x ∝ χ xyy E 2 y , as illustrated in Fig. 1 . If the voltage contacts and electric field directions are switched, there will be no NLAHE signal. This a strong anisotropy can serve as a useful tool to distinguish the NLAHE from other effects in WTe 2 and MoTe 2 MLs.
III. RESULTS AND DISCUSSION
A.
1T Monolayers of WTe2
We start with the 1T -ML of WTe 2 . It is known to be a 2D TI. An applied electric field breaks the inversion symmetry and induce a transition from a TI to a trivial insulator. During the transition, the band gap first shrinks to zero and then opens again. A previous study on the TaAs-family of WSMs 28 revealed that the small gap or zero gap region contributes a large gradient of the Berry curvature, i.e, a large BCD. This can be intuitively understood from Eq. 1. The smallness of the energy gap (i.e, the denominator of Eq. 1) usually indicates that a large Berry curvature is concentrated on the small gap region, which is usually a narrow momentum area, leading to a large gradient of the Berry curvature. In addition to a large magnitude of the BCD, a sign change of the BCD may be induced by the phase transition, because the band inversion switches the sign of the Berry curvature. Therefore, we are particularly interested in the evolution of the BCD with respect to the topological phase transition. Figure 2 shows the band structures of the 1T -ML under various electric fields. At E = 0, all the bands are doubly degenerate becomes of the coexistence of TRS and the inversion symmetry. The band structure exhibits direct band gaps with an inversion between the conduction and valence bands, giving rise to the 2D TI phase. The zero indirect band gap is due to the known DFT underestimation, whereas the quasiparticle energy correction can lift the indirect gap, as discussed in previous work 32 . Because this gap underestimation does not affect the Berry curvature effect investigated here, for simplicity, we use the DFT band structures in this work. As E increases, we indeed observe that the direct energy gap shrinks to zero at E = 0.0075 V/a 0 (a 0 is the Bohr radius, 0.53Å) and opens again, inducing the topological transition. We note that the band touching point at the critical electric field is not equivalent to a Weyl point, since it is not stable against a weak perturbation (e.g. the variation of E) and the Weyl point is well-defined only for 1D and 3D systems. The Z 2 topological invariant before and after the transition is verified by tracing the Wannier centres by the Wilson loop method 41, 42 .
FIG. 2.
Band structures of WTe2 1T -monolayers with applied electric field. The electric field E is out-of-plane and in unit of eV/a0, where a0 is the Bohr radius. The band dispersion is shown along the Γ-Y direction, i.e. along the zigzag W chain.
We show the corresponding BCD in Figure 3 . At E = 0, the BCD vanishes regardless of position of the Fermi energy (E F ), because the coexistence of TRS and inversion symmetry forces Ω(k) = 0 at every momentum k. At E = 0.005 V/a 0 (the TI phase), a large BCD appears (Fig. 3a) . Because it is a Fermi surface property, the BCD depends sensitively on the position of E F . We focus on the BCD for E F = 0, i.e. the charge neutral point. As E increases from zero, the BCD varies nonmonotonically and is characterised by four regimes. It (i) first increases in a positive amplitude (e.g. E = 0.005), (ii) then reduces to zero (near E = 0.0075), (iii) further grows with a negative amplitude (e.g. E = 0.01), and (iv) finally decreases to zero at large E(E > 0.03). The regime-(i) is caused by the emergence of nonzero BCD by breaking the inversion symmetry with E. Because the phase transition switches the order of the conduction and valence bands, the sign of the Berry curvature is reversed by the transition, and thus the sign of the BCD is also reversed for regimes-(ii) and (iii). This behaviour is quite similar to the sign change of the photocurrent calculated at the topological phase transition of TIs 43 . At large E, the system becomes a gapped insulator; thus, the Fermi surface vanishes at E F = 0 and the BCS then becames zero. This behaviour explains the regime-(iv). For E = 0.005 and 0.01, one can find a peak of BCD slightly below E F = 0 in Fig.  3 . This is because the smallest energy-gap ( the largest Berry curvature) appears slightly below E F = 0.
When the BCD is projected to 2D k-space, it is easier to understand the BCD from the corresponding band structure. For example, at E = 0.005 the BCD is predominantly contributed by the small-gap region, for example, the nearly band touching positions along the Γ-Y line. After the band inversion at E = 0.01, the BCD indeed changes sign. As E increases further to E = 0.02 and E = 0.03, the BCD decreases exponentially in amplitude, corresponding to regime-(iv) discussed above.
FIG. 3.
The Berry curvature dipole at different Fermi energy and its distribution in the 2D Brillouin zone for WTe2 1T -monolayers with varying applied electric field. The Berry curvature dipole is in unit of a0, where a0 is the Bohr radius 0.529Å. In the 2D Brillouin zone, red and blue colors present positive and negative amplitudes (in arbitrary units) of the Berry curvature dipole.
B. T d Monolayers of WTe2
The T d -ML breaks inversion symmetry. We can divide the effect of inversion symmetry breaking into two parts, the in-plane distortion ∆ and the out-of-plane distortion ∆ ⊥ . The induced band splitting can be observed at the bottom of the conduction band (Fig. 4a) . It is also a 2D TI in topology. When an electric field is applied along the ∆ ⊥ , the symmetry breaking can be further enhanced to be ∆ +E. For example, both the conduction and valence bands split further as E increases from 0 to 0.05. As in the 1T structure, E drives the system to the topological phase transition in the band structure. However, the critical field for the T d phase (∼ 0.10) is much larger than that for the 1T phase. Therefore, the BCD increases monotonically from E = 0 to E = 0.05, as shown in Fig. 4b . When E is opposite to ∆ ⊥ , the effective out-of-plane inversion-symmetry-breaking is ∆ ⊥ − E. As E increases in amplitude, the symmetry-breaking effect first decreases and then increase again. For example, the band splitting is partially suppressed for E = −0.01 and is further enhanced for E = −0.05. The BCD shows the same trend (see Fig. 4b ). 
C. Monolayers of MoTe2
The MoTe 2 MLs (1T and T d ) exhibit trends quite similar to those of WTe 2 MLs. For the 1T structure, the topological phase transition occurs between E = 0.01 and E = 0.015. Therefore, the BCD exhibits large magnitudes with opposite signs under these two electric fields. When E increases further, the BCD decreases in amplitude, as shown in Fig. 5 . 
D. Discussions
We estimate the magnitude of the NALHE. In a longitudinal dc field E y , the nonlinear Hall j x = 2j (0) Fig. 5 . This Hall conductance can be measured under current experimental conditions.
IV. CONCLUSIONS
In conclusion, we reveal a strong NLAHE in WTe 2 and MoTe 2 MLs. An out-of-plane external electric field can break the inversion symmetry (for the 1T structure) and generate a nonzero BCD, leading to the NLAHE. Near the topological phase transition region induced by the electric field, the NLAHE is strongly enhanced. In addition to a dc electric field, a longitudinal (in-plane) electric field can also be the electric field of a low-frequency stimulation (e.g. a microwave), which may induce an even stronger NLAHE owing to the strong electric field. In addition to an out-of-plane electric field, the inversion symmetry of MLs can also be broken by other ways, such as the strain (e.g. recently realised in the MoS 2 ML 44 ) and the substrate proximity. Note that our conclusions can be generalised from MLs to few layers and also to other phases (e.g. 2H and 1T ) of transition-metal dichalcogenides, when the inversion symmetry as well as the three-fold rotational symmetry is broken in these systems. 
